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Abstract

In this paper, we propose a method for generating all
the prime implicants of a binary CNF formula. The
main idea consists in using an algorithm for generat-
ing the maximal independent sets to compute all the
primes implicants that cover a model. Such an approach
mainly allows to reduce the number of calls to a SAT
oracle. Before describing this algorithm, we propose a
preprocessing method for reducing the search space,
which is based on the use of the resolution closure.
This method consists in exploiting the unit clauses and
the equivalences generated in the resolution closure. Fi-
nally, we propose a simple approach for dividing the
search space, which is based on the use of an algorithm
that generates all the prime implicants that contain a
given literal.

Introduction
Developing efficient algorithms for solving the problem of
generating all the prime implicants of propositional formu-
las is an important challenge in computer science. One of the
main applications of this problem is its use for minimizing
Boolean functions, which consists in reducing the size of a
Boolean function to a smaller, simpler and equivalent func-
tion (Quine 1952; McCluskey 1956; Quine 1959). Boolean
function minimization is used in several computer science
tasks that are related to classical propositional logic, such as
reducing digital circuit size, which is an important way to
improve computation speed (Tison 1967). Generating prime
implicants has many other applications in computer sci-
ence in general, and artificial intelligence in particular, such
as knowledge compilation (Darwiche and Marquis 2002),
model based diagnosis (de Kleer, Mackworth, and Reiter
1990) and databases (del Val 1994). Different Other appli-
cations are provided in (Ginsberg 1989; Acuña et al. 2012;
Slavkovik and Ågotnes 2014).

In the literature, several algorithms for generating
prime implicants of propositional formulas use branch
and bound/backtrack techniques, such as DPLL-like pro-
cedures (Castell 1996; Schrag 1996; Ravi and Somenzi
2004). There are also integer linear programming encodings
for computing one of the minimum-size prime implicants
(e.g. (Pizzuti 1996; Manquinho et al. 1997)). More recently,
a SAT-based approach for generating all the prime impli-

cants has been proposed in (Jabbour et al. 2014). This ap-
proach consists in providing a SAT encoding of the input
formula, so that the models of this encodings represent the
prime implicants of the original formula.

We focus in this work on the problem of generating all
the prime implicants of a propositional formula in conjunc-
tive normal form (CNF) that does not contain more than
two literals per clause (binary CNF formulas). To the best
of our knowledge, the particularities of this tractable class
in SAT have not been exploited in the context of generating
all the prime implicants. However, it is worth noticing that
this class has been studied for the problem of counting the
number of prime implicants (Boufkhad and Dubois 1999;
Talebanfard 2016). One of the main results in (Taleban-
fard 2016) consists in showing that the maximum number
of prime implicants of the binary CNF formulas having n
variables is greater than 3

n
3 . In a sense, this shows that the

problem of generating all the prime implicants of a binary
CNF formula is a complex task.

In this paper, we propose a new approach for generating
all the prime implicants of a binary CNF formula. We first
propose a preprocessing method to reduce the search space
by using the resolution closure. This preprocessing method
benefits from the fact that computing the resolution closure
is a tractable task in the case of the binary CNF formulas. It
reduces the search space by exploiting the unit clauses and
the equivalences found in the resolution closure. In addition,
we provide an algorithm for generating all the prime impli-
cants of a binary CNF formula. The base idea consists in
reducing the number of calls to a SAT oracle by using an al-
gorithm for generating the maximal independent sets (MIS).
More precisely, the MIS generator is used in our algorithm
to get all the prime implicants that cover a model. We con-
sider in this work that generating maximal independent sets
is simpler than generating prime implicants, since we do not
check the satisfiability. Intuitively, the reason is in the fact
that each Boolean interpretation that satisfies a binary CNF
formula can be seen as a complement of a particular inde-
pendent set (without complementary literals) of the graph
where the literals represent the vertices and the clauses rep-
resent the edges. Furthermore, to avoid all the prime impli-
cants that cover a model in the future search steps of our
algorithm (recursive calls), we only add a single clause.

Our last contribution is an approach for dividing the



search space. This approach uses an algorithm for generating
all the prime implicants that contain a given literal, which is
defined by using our algorithm for generating the prime im-
plicants and by taking into account each case where the con-
sidered literal is possibly in a prime implicant. Our approach
for dividing the search space is an interesting research path
for defining parallel generators of prime implicants.

Preliminaries
SAT Problem and Prime Implicant Notion
A CNF formula is a conjunction of clauses where a clause
is a disjunction of literals. A literal is a positive or negated
propositional variable. A CNF formula can also be seen as a
set of clauses and a clause as a set of literals. Thus, a CNF
formula of the form (l11 ∨ · · · ∨ l1k1)∧ · · · ∧ (l

n
1 ∨ · · · ∨ lnkn)

can be also represented in this work by the set of clauses
{(l11 ∨ · · · ∨ l1k1), . . . , (l

n
1 ∨ · · · ∨ lnkn)} and the set of sets

{{l11, . . . , l1k1}, . . . , {l
n
1 , . . . , l

n
kn
}}.

Given a CNF formula φ, we denote by V ar(φ) (resp.
Lit(φ)) the set of propositional variables (resp. literals) oc-
curring in the formula φ. A CNF formula is binary if each
clause contains at most two literals. Given a literal l, we use
l to denote the complementary literal of l.

A Boolean interpretation of a propositional formula φ is
an assignment that associates truth values in {0, 1} to propo-
sitional variables in V ar(φ), where 0 stands for false and 1
stands for true. It is extended to propositional formulas as
usual. A Boolean interpretation of φ is complete if it gives a
truth value to each variable in V ar(φ), otherwise it is said
to be partial. A model of a propositional formula is a com-
plete Boolean interpretation satisfying this formula, i.e., a
complete Boolean interpretation making this formula true.
Although we define a model as a complete interpretation,
it is worth noticing that a partial interpretation can make a
formula true. The problem of determining if there exists a
model that satisfies a given propositional formula, abbrevi-
ated as SAT, is one of the most studied NP-complete prob-
lems.

For convenience purposes, we represent from now on
the Boolean interpretations as sets of literals. More pre-
cisely, the set of literals {p1, . . . , pm,¬q1, . . . ,¬qn} rep-
resent the Boolean interpretation that associates 1 to the
variables p1, . . . , pm and 0 to q1, . . . , qm. Note that to be
a Boolean interpretation a set of literals does not have to
contain a literal and its negation (complementary literals).

A (partial) Boolean interpretation that satisfies a proposi-
tional formula is called an implicant. Moreover, an implicant
m of a formula φ is called a prime implicant (in short PI) of
this formula if for all literal l ∈ m, the Boolean interpreta-
tion m \ {l} does not satisfy φ.

Let us now describe notations that are used in the sequel.
Given a Boolean interpretation m, we use m to denote the
clause

∨
l∈m l. Moreover, given a CNF formula φ and a par-

tial Boolean interpretationm, we use φ|m to denote the CNF
formula obtained from φ by removing all the clauses con-
taining literals in m and removing all the complement lit-
erals of those in m. More precisely, φ|m = {c ∈ φ | ∀l ∈
m, l /∈ c and l /∈ c}∪{c\l | c ∈ φ, l ∈ m, l /∈ c and l ∈ c}.

In other words, φ|m is the result of assigning truth according
to the interpretationm. Furthermore, given a CNF formula φ
and a literal l in φ, we use φ↑l to denote the formula obtained
from φ by removing the literal l, i.e., φ↑l = {c\{l} | c ∈ φ}.

A tautological clause is a clause containing two comple-
mentary literals (e.g. p ∨ ¬p). The tautological clauses can
be removed from a CNF formula without changing its truth
value. From now on, we only consider the binary CNF for-
mulas that do not contain any tautological clause.

Maximal Independent Sets
We here describe the problem of generating the maximal in-
dependent sets of an undirected graph. The algorithms solv-
ing this problem are used in our method for generating the
prime implicants.

Given an undirected graph G = (V,E) where V is the
set of its vertices and E is the set of its edges, an indepen-
dent set of G is a subset S of V such that no two of which
are adjacent, i.e., for all v, v′ ∈ S with v 6= v′, {v, v′} /∈ E.
Moreover, S is a maximal independent set if it is not a proper
subset of any other independent set, i.e., S 6⊂ S′ for every in-
dependent set S′ ofG. The problem of maximal independent
set enumeration consists in finding all the maximal indepen-
dent sets of a given graph.
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Figure 1: An undirected graph

Consider, for instance, the graph described in Figure 1.
The set of vertices {1, 4} is a maximal independent set since
the vertices 2 and 3 are adjacent to 1 and 5 is adjacent to 4,
and 4 and 1 are not adjacent. The sets {1, 5}, {2, 5} and {3}
are the other maximal independent sets.

There are several interesting methods in the literature
for generating the maximal independent sets of a graph
(e.g. (Tsukiyama et al. 1977; Johnson, Papadimitriou, and
Yannakakis 1988; Boros et al. 2000)). In this work, we use
an oracle for generating the maximal independent sets in our
algorithm for generating the prime implicants of a binary
CNF formula.

A Preprocessing to Reduce the Search Space
In this section, we propose a preprocessing method for re-
ducing the search space in computing the prime implicants
of a binary CNF formula. This method is based on com-
puting the resolution closure for obtaining unit clauses, also
called backbone, and equivalences between literals. Let us
recall that a unit clause is a clause that contain a single lit-
eral. From the computational complexity point of vue, our
preprocessing method can be performed in polynomial time,



since computing the resolution closure of any binary CNF
formula is a polynomial task.

The resolution rule is defined as follows:

l ∨ c1 l ∨ c2
c1 ∨ c2

[Res]

The clause c1 ∨ c2 is called a resolvant of the clauses l ∨ c1
and l ∨ c2. We use c1, c2 `Res c to denote the fact that c is a
resolvant of the clauses c1 and c2.

Definition 1 (Resolution Closure). Let φ be a CNF formula
and n ∈ N. Then, we define:

C0(φ) = φ

C1(φ) = φ ∪ {c | ∃c1, c2 ∈ φ : c1, c2 `Res c}
Cn+1(φ) = C1(Cn(φ))

We use C(α) to denote the resolution closure
⋃
n Cn(φ).

For instance, consider the binary CNF formula φ = {(p∨
q), (p ∨ ¬q), (¬p ∨ r)}. We have C1(α) = {(p ∨ q), (p ∨
¬q), (¬p ∨ r), p, q ∨ r,¬q ∨ r}. Then, C(α) = C2(α) =
C1(α) ∪ {r, p ∨ r} holds.

It is easy to see that one can compute the resolution clo-
sure for any binary CNF formula in polynomial time. In-
deed, the number of all possible binary clauses is quadratic
in the number of the literals of the input binary CNF for-
mula.

Proposition 1. Let φ be a satisfiable binary CNF formula.
Then, we have PIes(φ) = {m′ ∪ m | m′ ∈ PIes(φ|m)}
where m = Lit(φ) ∩ C(φ).

Proof. This property comes from the fact that the literals in
m = Lit(φ) ∩ C(φ) are logical consequences of the for-
mula φ. It means that m ⊆ m′ for every implicant m′ of the
formula φ.

The previous proposition shows that computing the reso-
lution closure allows us to reduce the search space for com-
puting the prime implicants. Indeed, it shows that the primes
implicants of any satisfiable binary CNF formula φ can be
directly obtained from the prime implicants of the formula
φ|Lit(φ)∩C(φ).

Definition 2. Let φ be a binary CNF formula. Then, we de-
fine the equivalence relation ↔φ over the literals of φ as
follows: l ↔φ l

′ iff {l ∨ l′, l ∨ l′} ⊆ C(φ). Clearly, ↔φ is
an equivalence relation since the equivalence connective↔
is reflexive, symmetric and transitive (ψ1 ↔ ψ2 ≡ (ψ1 →
ψ2) ∧ (ψ2 → ψ1)).

In other words, we have l ↔φ l
′ if and only if l ↔ l′ is a

logical consequence of φ.
Given a binary CNF formula φ, we use ECφ to denote the

set of the equivalence classes of ↔φ. In addition, we use
[l]
↔φ

φ to denote the equivalence class of the literal l, i.e.,
[l]
↔φ

φ = {l′ ∈ Lit(φ) | l ↔φ l
′}. Moreover, given a set of

literals {l1, . . . , lk} and a literal l, we use φ[l/l1, . . . , lk] to
denote the formula obtained from φ be replacing each oc-
currence of li (resp. li) with l (resp. l) for every i ∈ 1..k.

Proposition 2. Let φ be a binary CNF formula, l ∈
Lit(φ) and [l]

↔φ

φ = {l1, . . . , lk}. Then, PIes(φ) = {m ∪
{l1, . . . , lk} | m ∈ PIes(ψ) : l /∈ m} ∪ {m ∪ [l]

↔φ

φ | m ∈
PIes(ψ) : l /∈ m} where ψ = φ[l/l1, . . . , lk].

Proof.
Part ⊆. Let m be a prime implicant of φ. Knowing that
all the literals in [l]

↔φ

φ are equivalent, we get [l]↔φ

φ ⊆ m

or {l1, . . . , lk} ⊆ m, since otherwise m does not satisfy
φ. We here consider the case [l]

↔φ

φ ⊆ m, the other case
being similar. Using the fact that [l]↔φ

φ ⊆ m, we obtain
that one of the two interpretations m \ [l]↔φ

φ ∪ {l} and
m \ [l]

↔φ

φ is a prime implicant of φ[l/l1, . . . , lk]. Thus,
m ∈ {m ∪ [l]

↔φ

φ | m ∈ PIes(φ[l/l1, . . . , lk]) : l /∈ m}
holds.
Part ⊇. We only consider the case of the elements of the set
S = {m ∪ {l1, . . . , lk} | m ∈ PIes(ψ) : l /∈ m}, the other
case being similar. Let m be a Boolean interpretation in S.
Then, m \ {l1, . . . , lk} is a prime implicant of ψ. Know-
ing that the elements of [l]↔φ

φ are equivalent, we obtain that
m ∪ {l1, . . . , lk} is a prime implicant of φ if it satisfies this
formula. Using the fact that l /∈ m \ {l1, . . . , lk}, we deduce
that m is a prime implicant of φ.

Therefore, given binary CNF formula φ, Propo-
sition 1 and Proposition 2 shows that the set of
prime implicants PIes(φ) can be easily computed from
PIes(φ|m[l1/l

1
1, . . . , l

1
k1
] · · · [ln/ln1 , . . . , lnkn ]) where m =

Lit(φ) ∩ C(φ), ECφ = {[l1]φ, . . . , [ln]φ}, and [li]φ =
{li1, . . . , liki} for every i ∈ 1..n.

An Algorithm for Generating PIes
In this section, we propose a recursive algorithm that allows
to computes all the primes implicants of a binary CNF
formula. The base idea consists in using an algorithm
for generating the maximal independent sets (MISes) for
computing all the primes implicants that cover a model
which is found using a SAT oracle.

Algorithm 1 A recursive algorithm for generating all the
prime implicants of a binary CNF formula

1: procedure PRIMEIMPS(φ,M) .M is a set of Boolean
interpretations

2: (s,m)← SAT(φ ∧
∧
m∈Mm)

3: if s then
4: u← UNILIT(φ,m)
5: ψ ← REST(φ, u)
6: L← MISES(GRAPH(ψ))
7: return {u ∪ (Lit(ψ) \ s) | s ∈ L} ∪

PRIMIMPS(φ,M∪ {u})
8: else
9: return ∅

Our recursive algorithm PRIMIMPS for computing the
prime implicants of a binary CNF formula is described in



Algorithm 1. In the following we describe the different in-
structions of this algorithm. In Line 2, SAT(·) represents
a query to a SAT oracle where s is the decision result
(true or false) and m is a model of the input formula if it
is satisfiable. Furthermore, given a CNF formula φ and a
model m of φ, we use ULmφ to denote the set of literals
{l ∈ m | ∃c ∈ φ,m ∩ c = {l}}. It is worth noticing that a
literal l ∈ m is in ULmφ if and only ifm\{l} does not satisfy
φ. Thus, it is clear that every prime implicant that covers the
model m contains all the literals in ULmφ . In the context of
our algorithm, the procedure UNILIT(φ,m) in Algorithm 1
(Line 4) is used to compute the set of literals ULmφ . The
procedure REST(φ, u) in Line 5 returns the set of clauses
that are not satisfied by u. We focus in our algorithm on
the clauses in REST(φ, u) because we exploit the fact that
the literals in ULmφ are in the current prime implicants. The
procedure GRAPH(ψ) in Line 6 transforms simply a set of
binary clauses ψ to the undirected graph G = (Lit(ψ), ψ).
It is important to note that ψ does not contain any comple-
mentary literals, since the definition of ULmφ . The procedure
MISES(G) in the same line returns all the maximal indepen-
dent sets of G.

In Line 7, as shown in Theorem 6, we return the set
{u ∪ (Lit(ψ) \ s) | s ∈ L} since it contains all the prime
implicants that include the set of literals u (ULmφ ). The
recursive call PRIMIMPS(φ,M∪ {u}) allows us to find all
the prime implicants that do not include u and any element
of M. In Line 9, PRIMIMPS returns the empty set since
the unsatisfiability of φ ∧

∧
m∈Mm implies that it remains

no model, and consequently no prime implicant, which
satisfies φ and does not include any set of literals inM.

In order to show the soundness of our algorithm, we
need to show that PRIMIMPS(φ, ∅) returns all the prime
implicants of φ, for every binary CNF formula φ. Using
the fact that we add ULmφ to M in the recursive call
(Line 7) and the fact that the satisfaction of the negations
of the models in M (Line 2) is required, we obtain that
PRIMIMPS(φ,M) terminates for every binary CNF formula
φ and subset of Boolean interpretationsM.

Proposition 3. Let φ be a binary CNF formula and m a
model of φ. Then, ULmφ ∪m′ is a prime implicant of φ for
every m′ ⊆ m prime implicant of

∧
c ∈ φ

ULmφ 2 c

c.

Proof. In this proof we use ψ1 and ψ2 to denote the formulas
ψ1 ≡

∧
c ∈ φ

ULmφ � c

c and ψ2 ≡
∧

c ∈ φ
ULmφ 2 c

c respectively.

Assume that that there exists m′ ⊆ m prime implicant of
ψ2 s.t. ULmφ ∪m′ is not a prime implicant of φ. Then, there
exists l ∈ ULmφ ∪m′ such that (ULmφ ∪m′) \ {l} satisfies
φ. Using the definition of ULmφ , we know that l /∈ ULmφ
since otherwise ULmφ ∪ m′ \ {l} does not satisfy ψ1, and
consequently it does not satisfy φ. Thus, l ∈ m′ holds. Then,
there exists a clause c = l ∨ l′ ∈ ψ2 s.t. l′ /∈ m′ since m′

is a prime implicant of ψ2. Knowing that ULmφ ∩ m′ = ∅
since ψ2 does not contain any literal in ULmφ , we obtain that
(ULmφ ∪m′)\{l} does not satisfy c, and consequently, we get
a contradiction. Therefore, ULmφ ∪m′ is a prime implicant
of the formula φ.

Let us recall that a literal in a CNF formula is a pure literal
if its complement does not occur in this formula. Clearly,
given a CNF formula φ and a pure literal l, φ is satisfiable if
and only if φ|l is satisfiable.

Proposition 4. Let φ be a binary CNF s.t. ∀c ∈ φ, |c| = 2
and Lit(φ) is a model of φ, i.e, φ is a binary CNF formula
that contains only pure literals. Then, PIes(φ) = {Lit(φ)\
s | s ∈MISes(G)} holds where G = (Lit(φ), φ).

Proof.
Part ⊆. Let m be a prime implicant of φ. Then, we know
that, for all l ∨ l′ ∈ φ, {l, l′} 6⊆ Lit(φ) \ m holds since
m satisfies φ. Thus, Lit(φ) \ m is an independent set of
G. Moreover, we have for all l ∈ m, there exists a clause
c ≡ l∨ l′ s.t. l′ /∈ m. Thus, for all l ∈ m, (Lit(φ)\m)∪{l}
is not an independent set. As a consequence, Lit(φ) \m is
a maximal independent set of G.
Part ⊇. Let s be a maximal independent set of G. Then for
all l∨l′ ∈ φ, {l, l′} 6⊆ s. Thus, Lit(φ)\s satisfies φ. Assume
that there exists l ∈ Lit(φ) s.t. l /∈ s and (Lit(φ) \ s) \
{l} satisfies φ. Then, there exists a clause c = l ∨ l′ s.t.
l′ /∈ s, and consequently, {l, l′} ⊆ s holds. Thus, we get a
contradiction. Therefore, Lit(φ) \ s is a prime implicant of
the formula φ.

The two previous propositions are used to show that the
output of PRIMIMPS(φ, ∅) is a set of prime implicants of φ.
Indeed, the first proposition show that, given a binary CNF
formula φ and a model m of φ, all the interpretations of
the form ULmφ ∪m′, where m′ are prime implicants of the
part of φ which is not satisfied by ULmφ (ψ), are prime im-
plicants of φ. Then, the second proposition shows that the
prime implicants of the part of φ which is not satisfied by
ULmφ are the complements of the maximal independent sets
of the graph corresponding to this part. As a consequence,
the set {u ∪ (Lit(ψ) \ s) | s ∈ L}, which is returned in
Line 7, contains only prime implicants of φ.

Proposition 5. , Let φ be a binary CNF formula and m a
model of φ. Then,

⋂
m′ ∈ PIes(φ),
m′ ⊆ m

m′ = ULmφ holds.

Proof. We use S to denote the set
⋂

m′ ∈ PIes(φ),
m′ ⊆ m

m′.

Part ⊆. Assume that there exists l ∈ S s.t. l /∈ ULmφ . Then,
for all clause c = l ∨ l′ containing l in φ, {l, l′} ⊆ m holds.
Thus, m \ {l} satisfies φ, which means that there exists a
prime implicant in S that does not contain l. Therefore, we
get a contradiction, and consequently S ⊆ ULmφ holds.
Part ⊇. It is a direct consequence of the fact that m \ {l}
does not satisfy φ for every l ∈ ULmφ .



The following theorem shows that the set of Boolean in-
terpretations {u ∪ (Lit(ψ) \ s) | s ∈ L} in Line 7 of Algo-
rithm 1 corresponds to the set of all the prime implicants that
cover the model found in Line 2, i.e., using Proposition 5, all
the prime implicants including ULmφ where m is the model
of φ found in Line 2.

Theorem 6. Let φ be a binary CNF formula and m a
model of φ. Then, for all m′ a partial Boolean interpre-
tation of φ s.t. m′ ⊆ m, m′ is a prime implicant of φ iff
m′ = ULmφ ]m′′ where ] stands for disjoint union, m′′ ∈
{Lit(ψ)\s | s ∈MISes(G)} with ψ ≡

∧
c ∈ φ

ULmφ 2 c

c and

G = (Lit(ψ), ψ).

Proof.
Part ⇒. Using Proposition 5, ULmφ ⊆ m′ for every prime
implicant m′ that covers m. Given a prime implicant m′ of
φ covering m, we have to show the property m′ \ ULmφ ∈
{Lit(ψ) \ s | s ∈MISes(G)}, which is equivalent to show
that s = Lit(ψ)\(m′ \ULmφ ) is a maximal independent set.
Assume that there exists l /∈ s (l ∈ m′ \ULmφ ) s.t. s∪{l} is
an independent set. It means that c ∩ s = ∅ for every clause
c ∈ φ with l ∈ c. Then, (m′ \ULmφ ) \ {l} satisfies ψ. Using
Proposition 3, we know that there exists m3 ⊆ m′ \ {l} s.t.
ULmφ ]m3 ⊂ m′ is a prime implicant of φ. Thus, we get a
contradiction since m′ is a prime implicant of φ.
Part ⇐. Using the definition of ULmφ , we know that
m \ ULmφ = Lit(ψ). Using Proposition 4, PIes(ψ) =

{Lit(ψ) \ s | s ∈ MISes(G)} holds. Using Proposi-
tion 3, m = ULmφ ]m′′ is a prime implicant of φ for every
m′′ ∈ {Lit(ψ) \ s | s ∈MISes(G)}.

Using the fact that the call of PRIMIMPS(φ, ∅) performs
an exhaustive search in the sense that it considers all the
models of φ (see the recursive call in Line 7), we obtain
that Theorem 6 implies that PRIMIMPS(φ, ∅) returns all the
prime implicants of φ.

Compared to the SAT-based approach proposed in (Jab-
bour et al. 2014), our algorithm uses a smaller number of
calls to a SAT oracle. Indeed, Jabbour et al’s approach uses
a call to a SAT oracle for each prime implicant. There are
cases where this approach uses an exponential number of
calls to a SAT oracle, while our algorithm uses a single
call. Consider, for instance, the simple binary CNF formula
φ = (p1 ∨ p′1) ∧ · · · (pn ∨ p′n) such that p1, p′1, . . . , pn, p

′
n

are all distinct propositional variables, and the model m =
{p1, p′1, . . . , pn, p′n} of φ. Clearly, there are 2n prime impli-
cants that cover the modelm. Thus, Jabbour et al’s approach
uses 2n to find these prime implicants. However, after find-
ing the modelm, our algorithm does not use any other call to
a SAT oracle. In fact, we use in this case a generator MISes
to avoid calling a SAT oracle.

On Dividing the Search Space
In this section, we propose an algorithm that generates all
the prime implicants that contain a given literal. Such an al-

gorithm can be used for defining parallel algorithms by di-
viding the search space using guiding paths.

Given a binary CNF formula φ and a literal l occurring in
φ, FPIes(φ, l) denote the set of all the prime implicants of
φ that contain l.

Algorithm 2 A variant of PrimeImps
1: procedure VPRIMEIMPS(φ,M)
2: (s,m)← SAT(φ ∧

∧
m∈Mm)

3: if s then
4: u← UNILIT(φ,m)
5: ψ ← REST(φ, u)
6: L← MISES(GRAPH(ψ))
7: (R′,M′)← VPRIMIMPS(φ,M∪ {u})
8: return ({u ∪ (Lit(ψ) \ s) | s ∈ L} ∪ R′,M′)
9: else

10: return (∅,M)

Proposition 7. Let φ be a binary CNF formula and l a lit-
eral in φ. Then,PIes(φ) = FPIes(φ, l)]PIes(φ↑l) holds.

Proof.
Part ⊆. Let m be a prime implicant of φ. If m contains
l, then m belongs to FPIes(φ, l). Otherwise, m includes
A(φ, l) since m satisfies the clauses containing l. Thus, m
is a prime implicant of φ↑l.
Part ⊇. We have only to show that PIes(φ↑l) ⊆ PIes(φ)
since FPIes(φ, l) ⊆ PIes(φ). Assume that there exists
m ∈ PIes(φ↑l) s.t. m /∈ PIes(φ). Then, there exists l0 ∈
m such that m\{l0} satisfies φ. Clearly, m does not contain
l and includes A(φ, l) since l does not occur in the elements
of PIes(φ↑l). Using the fact that l /∈ m, l0 does not belong
to A(φ, l). Thus, the clauses containing l0 in φ↑l are those
containing l0 in φ. Using the fact thatm is a prime implicant
of φ↑l, we know that m \ {l0} does not satisfy φ and we get
a contradiction.
Finally, it is clear that FPIes(φ, l) ∩ PIes(φ↑l) = ∅ since
all the elements of PIes(φ↑l) does not contain l.

Proposition 7 describes a simple approach for dividing re-
cursively the search space. This proposition shows the in-
terest of having a procedure that allows to enumerate all
the prime implicants that contain a given literal. In partic-
ular, note that if l is a unit clause in φ, then PIes(φ) =
FPIes(φ, l) holds since PIes(φ↑l) = ∅.

Our algorithm FPI for computing the prime implicants of
a binary CNF formula that contain a given literal is described
in Algorithm 3. In Line 2, the formula ψ is obtained from φ
by removing all the clauses containing l and removing the
occurrences of l. This comes from the fact that the aim is to
generate the prime implicants containing the literal l. If the
literal l is a unit clause in φ (Line 3), then l is clearly in all
the prime implicants of φ (Line 4. Otherwise, the for-loop
allows us to consider all the possible cases where the literal
l is forced to be in a prime implicant. In this context,A(φ, l)
corresponds to the set of the literals that occurs in the clauses
containing l, i.e., A(φ, l) = {l′ ∈ Lit(φ) | ∃l ∨ l′ ∈ φ}.
Moreover, we use in Line 9 a simple variant of our algo-
rithm PRIMIMPS, called VPRIMIMPS, which is described



Algorithm 3 An algorithm for generating all the prime im-
plicants containing a given literal

1: procedure FPI(φ, l)
2: ψ ← φ|l
3: if l ∈ φ then
4: return {m ∪ {l} | m ∈ PRIMIMPS(ψ, ∅)}
5: else
6: M← ∅
7: R ← ∅
8: for l′ ∈ A(φ, l) do
9: (R′,M′)← VPRIMIMPS(ψ↑l

′
,M)

10: M←M∪M′
11: R ← R∪ {m ∪ {l} | m ∈ R′}
12: returnR

in Algorithm 2. The main difference in this variant con-
sists in returning besides the prime implicants the partial
interpretations that allow to avoid them. The base idea in
the for-loop of FPI consists in considering the case of each
clause of the form l ∨ l′ by removing the literal l′ to force
l to be in the computed prime implicants. Furthermore, the
partial interpretations returned with the prime implicants in
VPRIMIMPS are used to do not compute any prime impli-
cant more than one time.

The following theorem shows the soundness of the algo-
rithm FPI.
Theorem 8. Let φ be a binary CNF formula and l a literal
in φ s.t. l is not a unit clause in φ. Then, for all Boolean
interpretation m of φ containing l, m is a prime implicant
of φ iff there exits l′ ∈ A(φ, l) such that m \ {l} is a prime
implicant of (φ|l)↑l

′
.

Proof.
Part⇒. Let m be a prime implicant of φ s.t. l ∈ m. Then,
there exits l′ ∈ A(φ) s.t. l′ /∈ m since l ∈ m. As a
consequence, m \ {l} satisfies (φ|l)

↑l′ . Assume now that
m \ {l} is not a prime implicant of (φ|l)↑l

′
. Then, there ex-

ists l0 ∈ m \ {l} s.t. l′′ ∈ (m \ {l}) \ {l0} for every clause
l0 ∨ l′′ in (φ|l)

↑l′ . Clearly, the clauses containing l0 in φ are
those containing l0 in (φ|l)

↑l′ . Thus, m\{l0} satisfies φ and
we get a contradiction.
Part ⇐. Assume that there exists l′ ∈ A(φ, l) and a prime
implicant m of (φ|l)↑l

′
such that m ∪ {l} is not a prime im-

plicant of φ. Clearly, m ∪ {l} satisfies φ, since l satisfies
all the clauses containing l and m satisfies the other clauses.
Then, there exists l0 ∈ m∪{l} such that (m∪{l})\{l0} sat-
isfies φ. Knowing that l′ is not a literal of (φ|l)↑l

′
(l′ /∈ m),

l0 6= l′ holds. Moreover, using the fact that φ contains the
clause l ∨ l′ and l′ /∈ m, l0 6= l holds. Furthermore, if l0
is a unit clause in (φ|l)

↑l′ then l0 is also a unit clause in φ
or the clause l0 ∨ l′ belongs to φ, and as a consequence, we
get a contradiction since l′ /∈ m. Then, there exists a clause
c = l0 ∨ l′′ in (φ|l)

↑l′ and φ such that l′′ /∈ m ∪ {l} since
m is a prime implicant of (φ|l)↑l

′
and l0 ∈ m. Thus, using

the fact that (m ∪ {l}) \ {l0} does not satisfy c, we get a

contradiction. Therefore, m∪{l} is a prime implicant of the
formula φ.

Related Works

As mentioned above, a SAT-based encoding for enumerat-
ing all the prime implicants of a CNF formula has been pro-
posed in (Jabbour et al. 2014). It consists in encoding the
input CNF formula as a new one, so that the models of the
encoding represent all the prime implicants of the original
formula. Compared to this encoding, our approach provides
several advantages for the binary CNF formulas. First, we
propose a tractable preprocessing method that reduces the
search space. Second, the size of the SAT-encoding of (Jab-
bour et al. 2014) is much greater than the original formula,
while in our approach we consider the original formula.
Third, we use a single call to a SAT oracle for all the prime
implicants that cover a found model of the original formula,
contrary to the SAT-based approach of (Jabbour et al. 2014)
where a call to a SAT oracle is used for each prime implicant.
Indeed, a MIS generator is used in our approach instead of
calls to a SAT oracle to found all the prime implicants that
cover a model.

It is worth noticing that the notion of maximal indepen-
dent set has been used in the context of counting the max-
imum number of prime implicants of the binary CNF for-
mulas in (Talebanfard 2016). Indeed, the author has used the
Theorem of Moon and Moser (Moon and Moser 1965) deter-
mining the maximum number of maximal independent sets
to propose an upper bound of the number of prime impli-
cants. There is no approach described in this work that uses
a generator of MISes for enumerating all the prime impli-
cants of a binary CNF formula.

Conclusion and Perspectives

In this paper, we proposed an approach for generating all the
prime implicants of a binary CNF formula. First, we have
presented a preprocessing method for reducing the search
space, which uses the unit clauses and the equivalences ob-
tained in the resolution closure. Then, we have described a
recursive algorithm for generating the prime implicants of a
binary CNF formula that combines the use of a SAT oracle
with a generator of maximal independent sets . The latter is
used in our algorithm for enumerating all the prime impli-
cants that cover a model found using a SAT oracle. We also
proposed a simple approach for dividing the search space
that uses an algorithm for generating all the prime implicants
that contains a given literal. This algorithm is defined by us-
ing our algorithm for generating the prime implicants of a
binary CNF formula and by considering each case where
the considered literal is possibly in a prime implicant.

A a future work, we intend to implement and evaluate
the proposed method for generating the prime implicants.
We also plan to develop a parallel generator of prime im-
plicants following the presented approach for dividing the
search space.
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